Abstract. In this paper, considering a wider class of simulation functions some fixed point results for multivalued mappings in α-complete metric spaces have been presented. Results obtained in this paper extend and generalize some wellknown fixed point results of the literature. Some examples and consequence are given to illustrate the usability of the theory.
Introduction
It is well-known that the theory of multivalued mappings has applications in control theory, convex optimization, differential equations, and economics. Nadler [33] generalized the wellknown Banach contraction principle to multivalued mappings which became a great source of inspiration for researchers working in metric fixed point theory. There have been many attempts to generalize this result in metric and other spaces by many authors. Some notable generalizations have been obtained in [2, 6, 8, 11, 12, 23, 28, 30, 42, 43] . In a recent work, Khojasteh et al. [22] introduced the notion of Z-contraction using a class of control functions called simulation functions and unified several results of the literature on single-valued mappings. Olgun et al. [36] obtained some fixed point results for generalized Z-contractions. Further, de-Hierro et al. [14] enlarged the class of simulation functions for a pair of mappings and obtained some coincidence point theorems.
In [41] , Samet et al. introduced the concept of α-admissibility which is interesting since it does not require the contraction conditions or the contraction type conditions to hold for every pair of points in the domain unlike the BCP. It also includes the case of discontinuous mappings.
There is now massive growth in the literature dealing with fixed point problems via α-admissible mappings (cf. [20, 21] ). In [18] , Karapinar introduced the notion of α-admissible Z-contraction and generalized the results of Samet et al. [41] and Khojasteh et al. [22] . Recently, Radenovic and Chandok [38] (see also Liu et al. [27] ) enlarged the class of simulation functions and generalized the results obtained in [14, 36] .
Motivated by the results of [18] and [38] , in this article we widen the class of α-admissible mapping for multivalued mappings and define α-admissible Zcontractive multivalued mappings and α-admissible generalized Z-contractive multivalued mappings. Subsequently, we obtain some fixed point results for these mappings. Some useful examples and consequence are also presented to illustrate the usability of the obtained results.
Preliminaries
The aim of this section is to present some notions and results used in the paper. For a nonempty set X, let P(X) denotes the power set of X. If (X, d) is a metric space, then let N (X) = P(X) − {∅}, CB(X) = {A ∈ N(X) : A is closed and bounded},
The notion of α-admissible and triangular α-admissible mappings were introduced by Samet et al. [41] and Karapinar et al. [21] , respectively as follows.
Moreover, a self-mapping T is called triangular α-admissible if T is α-admissible and x, y, z ∈ X, α(x, z) ≥ 1 and α(z, y) ≥ 1 =⇒ α(x, y) ≥ 1.
Further, Asl et al. [5] introduced the concept of an α * -admissible mapping which is a multivalued version of the α-admissible mapping provided in [41] .
Definition 2.2.
[5] Let X be a nonempty set, T : X → N (X) and α : X × X → [0, ∞) be two mappings. We say that T is α * -admissible if the following condition holds:
On the other hand, Mohammadi et al. [31] extended the concept of an α * -admissible mapping to α-admissible as follows.
Definition 2.3.
[31] Let X be a nonempty set, T : X → N (X) and α : X × X → [0, ∞) be two given mapping. Then T is said to be an α-admissible if, whenever for each x ∈ X and y ∈ T x α(x, y) ≥ 1 =⇒ α(y, z) ≥ 1, for all z ∈ T y. Remark 2.1. It is clear that α * -admissible mapping is also α-admissible, but the converse may not be true (see Example 15 of [29] ). Definition 2.4. [16] Let (X, d) be a metric space and α : X × X → [0, ∞). The metric space (X, d) is said to be α-complete if and only if every Cauchy sequence {x n } with α(x n , x n+1 ) ≥ 1 for all n ∈ N converges in X.
Remark 2.2. [16] If X is complete metric space, then X is also α-complete metric space. But the converse is not true.
Definition 2.5. [26] Let (X, d) be a metric space, α : X × X → [0, ∞) and T : X → CB(X) be two given mappings. Then T is said to be an α-continuous multivalued mapping on (CB(X), H) if, for all sequences {x n } with x n d − → x ∈ X as n → ∞, and α(x n , x n+1 ) ≥ 1 for all n ∈ N, we have
Remark 2.3. The continuity of T implies the α-continuity of T , for all mappings α. In general, the converse is not true (see in Example 2.2 [26] ).
In [22] , Khojasteh et al. defined a new class of contraction mapping using the following class of simulation functions. (ζ1) ζ(0, 0) = 0, (ζ2) ζ(t, s) < s − t for all t, s > 0, (ζ3) if {t n } and {s n } are sequences in (0, ∞) such that lim
Argoubi et al. [4] slightly modified the definition of simulation function by withdrawing the condition (ζ1). Let Z denotes the family of all simulation functions. For examples and related results on simulation functions, one may refer to [1, 9, 14, 15, 18, 19, 22, 24, 25, 32, 34, 40, 44] .
Definition 2.8. [18] Let T be a self-mapping on a metric space X endowed with
Then T is called an α-admissible Z-contraction with respect to ζ, where ζ ∈ Z.
Recently, in [38] , Radenovic and Chandok and in [27] , Liu et al. enlarged the class of simulation functions and obtained some coincidence and common fixed point results.
2 → R is called C-class function if it is continuous and satisfies the following conditions:
Let Z G denotes the family of all C G -simulation functions ζ : [0, ∞) 2 → R. We state the following definitions by taking g = I (identity mapping) in Definitions 2.1 and 2.2 in [38] .
Definition 2.12.
[38] Let (X, d) be a metric space and T : X → X be selfmappings. The mapping T is called a Z G -contraction if there exists ζ ∈ Z G such that
for all x, y ∈ X with x = y.
If C G = 0, then we get Z-contraction defined in [22] .
Definition 2.13.
[38] Let (X, d) be a metric space and T : X → X be selfmappings. The mapping T is called a generalized Z G -contraction if there exists ζ ∈ Z G such that
3) for all x, y ∈ X with x = y.
If C G = 0, then we get Z-contraction defined in [36] . 
Main results
Definition 3.1. Let X be a nonempty set, T : X → N (X) and α : X × X → [0, ∞) be two mappings. Then T is said to be triangular α * -admissible if T is α * -admissible and
Definition 3.2. Let X be a nonempty set, T : X → N (X) and α : X×X → [0, ∞) be two mappings. Then T is said to be triangular α-admissible if T is α-admissible and α(x, y) ≥ 1 and α(y, z)
A triangular α * -admissible mapping is also triangular α-admissible, but the converse may not be true.
Lemma 3.1. Let T : X → N (X) be a triangular α-admissible mapping. Assume that there exist x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) ≥ 1. Then for a sequence {x n } such that x n+1 ∈ T x n , we have α(x n , x m ) ≥ 1 for all m, n ∈ N with n < m.
Proof. Since there exist x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) ≥ 1, then by the α-admissibility of T , we have α(x 1 , x 2 ) ≥ 1. By continuing this process, we get α(x n , x n+1 ) ≥ 1 for all n ∈ N ∪ {0}. Suppose that n < m. Since α(x n , x n+1 ) ≥ 1 and α(x n+1 , x n+2 ) ≥ 1, then using the triangular α-admissibility of T we have α(x n , x n+2 ) ≥ 1. Again, since α(x n , x n+2 ) ≥ 1 and α(x n+2 , x n+3 ) ≥ 1, then we deduce α(x n , x n+3 ) ≥ 1. By continuing this process, we get α(x n , x m ) ≥ 1. Definition 3.3. Let (X, d) be a metric space and T : X → CB(X). The mapping T is said to be a α-admissible Z G -contractive multivalued mapping if there exists ζ ∈ Z G and α :
Definition 3.4. Let (X, d) be a metric space and T : X → CB(X). We say T is α-admissible generalized Z G -contractive multivalued mapping if there exists ζ ∈ Z G and α :
for all x, y ∈ X with x = y, where
The following is the first main result in this paper.
Theorem 3.1. Let (X, d) be a metric space, T : X → CB(X) be a α-admissible generalized Z G -contractive multivalued mapping. Suppose the following conditions hold:
Then T has a fixed point.
Proof. From condition (ii), we have x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) ≥ 1.
is a fixed point of T and we are done. Assume that x 1 ∈ T x 1 . Now, since T is a mapping from X to CB(X), so we can choose a
Again we can choose a point x 3 ∈ T x 2 such that
Thus, we obtain a sequence {x n } in X such that x n+1 ∈ T x n , x n / ∈ T x n and
for all n ∈ N. Since x 2 ∈ T x 1 , x 3 ∈ T x 2 and T is α-admissible, we have
Recursively, we obtain,
Further, using (i) of Definition 2.11, we have
where
, and consequently from (3.5), we have
Hence for all n ∈ N ∪ {0}, we have d(x n , x n+1 ) > d(x n+1 , x n+2 ). So {d(x n , x n+1 )} is a decreasing sequence of nonnegative real numbers, and hence there exists L ≥ 0 such that lim
Then using (3.2) and (b) of Definition 2.10, we get
which is a contradiction and hence L = 0. Now we show that {x n } is a Cauchy sequence. If not, then by Lemma 2.1 we have lim
and consequently, lim
Since T is triangular α-orbital admissible, so by Lemma 3.1, we have α(x m(k) , x n(k) ) ≥ 1. Then by (3.2),
Here M(x m(k) , x n(k) ) = d(x m(k) , x n(k) ), so further by (i) of Definition 2.11, we get
Using (3.8) and (3.9) in (3.10), we get
Therefore using (3.2) and (b) of Definition 2.10, we get
which is a contradiction. Hence {x n } is a Cauchy sequence. From (3.4) and the α-completeness of (X, d), there exists u ∈ X such that x n d − → u as n → ∞. By α-continuity of the multivalued mapping T , we get
Thus we obtain
Therefore, u ∈ T u and hence T has a fixed point. 
Proof. The proof follows in the same manner as in Theorem 3.1.
Suppose following conditions hold:
Then T has a fixed point. Then T has a fixed point.
Example 3.1. Let X = (−10, 10) with the metric d(x, y) = |x − y| and T : X → CB(X) be defined as:
{9} if x ∈ (5, 10).
Then the space (X, d) is α-complete and T is not continuous but it is α-continuous. Also T is an triangular α-admissible multivalued mapping, since if α(x, y) ≥ 1, then we have x, y ∈ [0, 2], and so T x, T y ⊆ 0, 5 3 , which implies α(p, q) ≥ 1 for all p ∈ T x and q ∈ T y. Thus, T is α-admissible. . Let z ∈ T y. Then we have α(y, z) ≥ 1. Finally, x ∈ [0, 2] and z ∈ 0, 5 3 gives α(x, z) ≥ 1. Hence T is triangular α-admissible.
If we choose x 0 = 2 then condition (ii) of Theorem 3.1 holds. Consider ζ(t, s) = 5 6 s − t and G(s, t) = s − t, then T is an α-admissible generalized Z G -contractive multivalued mapping with C G = 0. Thus, all the conditions of Theorem 3.1 are satisfied. Consequently T has fixed points in X.
The next results show that the α-continuity or continuity of the mapping T can be relaxed by assuming the condition (iv ′ ) as follows.
Theorem 3.3. Let (X, d) be a metric space, T : X → CB(X) be a α-admissible generalized Z G -contractive multivalued mapping. Suppose following conditions hold:
Proof. Following the proof of Theorem 3.1, we know that {x n } is a Cauchy sequence in X such that x n d − → x ∈ X as n → ∞ and α(x n , x n+1 ) ≥ 1 for all n ∈ N. From condition (iv ′ ), we get α(x n , u) ≥ 1 for all n ∈ N. By using (3.2), we have
for all n ≥ n 1 . Furthermore, we obtain that
for all n ≥ n 1 . Also, as {x n } is a Cauchy sequence, there exists n 2 ∈ N such that
for all n ≥ n 3 . Thus, using (3.13)-(3.16), we get
for all n ≥ n 0 = max{n 1 , n 2 , n 3 }. Hence from (3.12), we have
Using (i) of Definition 2.11, we get
Further, since 18) letting n → ∞, we get d(u, T u) < d(u, T u), which is a contradiction. Therefore, d(u, T u) = 0, that is, u ∈ T u. This completes the proof.
Example 3.2. Let X = (0, 1] with the metric d(x, y) = |x−y| and T : X → CB(X) be defined as:
,
], ∈ T x 0 = { 3 5 , 3 4 } such that α(x 0 , x 1 ) ≥ 1. Now, let {x n } be any sequence in X such that α(x n , x n+1 ) ≥ 1 for all n ∈ N and x n → x as n → ∞. This implies x n ∈ 1 2 , 1 for every n ∈ N and hence x ∈ 1 2 , 1 . Thus α(x n , x) ≥ 1 and so condition (iv ′ ) is satisfied. One can easily verify that T is an α-admissible Z G -contractive multivalued mapping by taking ζ(t, s) = 5 6 s − t, G(s, t) = s − t and C G = 0. Thus, T satisfies all the conditions of Theorem 3.3 having some fixed points.
Consequences
In 2008, Jachymski [17] using the language of graph theory (which subsumes the partial ordering) introduced the concept of G-contraction on a metric space endowed with a graph and proved a fixed point theorem which extends the results of Ran and Reurings [39] . Afterwards, some results of Jachymski [17] have been extended to multivalued mappings in [13, 7, 10, 35] .
In this section, we give fixed point results on a metric space endowed with a graph. Before presenting our results, we give the following notions and definitions.
Let (X, d) be a metric space and ∆ = {(x, x) : x ∈ X}. Consider a graph G with the set V (G) of its vertices equal to X and the set E(G) of its edges as a superset of ∆. Assume that G has no parallel edges, that is (x, y), (y, x) ∈ E(G) implies x = y. Also, G is directed if the edges have a direction associated with them. Now we can identify the graph G with the pair (V (G), E(G)). Moreover, we may treat G as a weighted graph by assigning to each edge the distance between its vertices. Definition 4.1. Let X be a nonempty set endowed with a graph G and T : X → N (X) be a multivalued mapping. Then T is said to be triangular edge preserving if for each x ∈ X and y ∈ T x with (x, y), (y, z) ∈ E(G), we have (x, z) ∈ E(G) for all z ∈ T y. Definition 4.2. Let (X, d) be a metric space endowed with a graph G. The metric space X is said to be E(G)-complete if and only if every Cauchy sequence {x n } in X with (x n , x n+1 ) ∈ E(G) for all n ∈ N, converges in X. Definition 4.3. Let (X, d) be a metric space endowed with a graph G. We say that T : X → CB(X) is an E(G)-continuous mapping to (CB(X), H) if for given x ∈ X and sequence {x n } with lim n→∞ d(x n , x) = 0 and (x n , x n+1 ) ∈ E(G) for all n ∈ N =⇒ lim n→∞ H(T x n , T x) = 0. ) is an E(G)-complete metric space, (ii) there exist x 0 ∈ X and x 1 ∈ T x 0 such that (x 0 , x 1 ) ∈ E(G), (iii) T is triangular edge preserving, (iv) T is an E(G)-continuous multivalued mapping.
Proof. This result can be obtained from This completes the proof.
By using Theorem 3.3, we get the following result. ) is an E(G)-complete metric space, (ii) there exist x 0 ∈ X and x 1 ∈ T x 0 such that (x 0 , x 1 ) ∈ E(G), (iii) T is triangular edge preserving, (iv') if {x n } is a sequence in X such that (x n , x n+1 ) ∈ E(G) for all n ∈ N and x n → x ∈ X as n → ∞, then we have (x n , x) ∈ E(G) for all n ∈ N.
